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Abstract 

We recall the construction of the Hodge character and we show, us- 
ing a result due to F. Bittner, that these can be constructed using 
classical pure Hodge theory only, sideskipping Deligne's construction 
of functorial mixed Hodge structures on the cohomology of algberaic 
varieties. We then give a proof, based on the weak factorization theo- 
rem, that the nearby fibre is well-defined in the Grothendieck group of 
varieties. Finally, various formulas for numerical invariants of Hodge- 
theoretic origin are presented which are associated to one-parameter 
degenerations of projective manifolds. 
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1 Introduction 



The behaviour of the cohomology of a degenerating family of complex pro- 
jective manifolds has been intensively studied in the nineteen-seventies by 
Clemens, Grifhths, Schmid and others. See \Gr:\ for a nice overview. Re- 
cently, the theory of motivic integration, initiated by Kontsevich and de- 
veloped by Denef and Loeser, has given a new impetus to this topic. In 
particular, in the case of a one-parameter degeneration it has produced an 
object ipf in the Grothendieck group of complex algebraic varieties, called 
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the motivic nearby fibre |Br)5j . which reflects the hmit mixed Hodge struc- 
ture of the family in a certain sense. The purpose of this paper is twofold. 
First, we prove that the motivic nearby fibre is well-defined without using 
the theory of motivic integration. Instead we use the Weak Factorization 
Theorem _AK MW] . Second, we give a survey of formulas containing numer- 
ical invariants of the limit mixed Hodge structure, and in particular of the 
vanishing cohomology of an isolated hypersurface singularity, without using 
the theory of mixed Hodge structures or of variations of Hodge structure. 

We hope that in this way this interesting topic becomes accessible to a 
wider audience. 

2 Real Hodge structures 

A real Hodge structure on a finite dimensional real vector space V consists 
of a direct sum decomposition 

Vc = with yP'? = Wp 

on its complexification Vc = V ® C The corresponding Hodge filtration is 
given by 

FP{V) = 0^^'^ 

The numbers 

/iP'9(F):=dimyf''? 

are the Hodge numbers of the Hodge structure. If for some integer k we have 
liP,ii = for all (p, q) with p + q^ k the Hodge structure is pure of weight k. 
Any real Hodge structure is the direct sum of pure Hodge structures. The 
polynomial 

= hP'''-P{V)uPv''-P G Z[u, V, u-\v-^] 

is its associated Hodge number polynomial. ^ A classical example of a weight 
k Hodge real structure is furnished by the rank k (singular) cohomology 
group H^{X) (with M-coefficients) of a compact Kahler manifold X. 

Various multilinear algebra operations can be applied to Hodge struc- 
tures as we now explain. Suppose that V and W are two real vector spaces 
with a Hodge structure of weight k and ^ respectively. Then: 

^There are other conventions in the htterature, for instance, some authors put a sign 
(-1)^+" in front of the coefficient h^^'iV) oiu^v". 
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1. V has a Hodge structure of weight k + i given by 

m 

and with Hodge number polynomial given by 

Phn(I^ ®W)= PUV)PUW). (2) 

2. On Hom(y, W) we have a Hodge structure of weight I — k: 

Ff Hom(y, W)c = {f:Vc^Wc\ fF^'iVc) C F"+P(iyc) Vn} 

with Hodge number polynomial 

PUiiom{V,W){u,v) = PUV){u-\v-^)PUW){u,v). (3) 

In particular, taking = M with Wc = W^'^ we get a Hodge structure 
of weight —k on the dual of V with Hodge number polynomial 

PUVn{u,v) = PUV){u-\v-^). (4) 

The category f}S of real Hodge structures leads to a ring, the Grothendieck 
ring -R'o(f)s) which is is the free group on the isomorphism classes [V] of real 
Hodge structures V modulo the subgroup generated by [V] — [V] — [V] 
where 

is an exact sequence of pure Hodge structures and where the complexified 
maps preserve the Hodge decompositions. Because the Hodge number poly- 
nomial(^ is clearly additive and by @ behaves well on products the Hodge 
number polynomial defines a ring homomorphism 

Pi,,r.Ko{i)5)^Z[u,v,u-\v-^]. 

As remarked before, pure Hodge structures of weight k in algebraic ge- 
ometry arise as the (real) cohomology groups H^[X) of smooth complex 
projective varieties. We combine these as follows: 

XHdg(X) := ^(-l)^[/7'=(X)]GKo(t)s); (5) 
eHdgW := Y.^-lfPUH\X)) e'L[u,v,u-\v-^] (6) 

which we call the Hodge-Grothendieck character and the Hodge-Euler poly- 
nomial of X respectively. 

Let us now recall the definition of the naive Grothendieck group Ko(Var) 
of (complex) algebraic varieties. It is the quotient of the free abelian group 
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on isomorphism classes [X] of algebraic varieties over C with the so-called 
scissor relations [X] = [X — Y] + \Y] for Y d X Sk, closed subvariety. The 
cartesian product is compatible with the scissor relations and induces a 
product structure on Ko(Var), making it into a ring. There is a nice set of 
generators and relations for Ko(Var). To explain this we first recall: 

Lemma 1 Suppose that X is a smooth projective variety and Y d X is a 
smooth closed subvariety. Let tt : Z ^ X be the blowing-up with centre Y 
and let E = t:~^{Y) be the exceptional divisor. Then 

XHdg(^) - XHdg(>") = XHdg(^) - XnAg{E); 
eHdg(-^) - eHdg(^) = eHdg(^) - eHdg(-E^)- 

Proof: By jUHl p. 605] 

^ H''{X) H^{Z) © H^{Y) H''{E) 

is exact. □ 

Theorem 2 rf B04l Theorem 3.1]) The group Ko(Var) is isomorphic to 
the free abelian group generated by the isomorphism classes of smooth com- 
plex projective varieties subject to the relations [0] = and [Z] — [E] = 
[X] — [Y] where X, Y, Z, E are as in Lemma Q 

It follows that for every complex algebraic variety X there exist projec- 
tive smooth varieties Xi , . . . , Xr ,Yi, . . . ,Ys such that 

[X]=Y,[Xi]-Y.[Yj] in Ko(Var) 

« j 

and so, using Lemma ^ we have: 

Corollary 3 The Hodge Euler character extends to a ring homomorphism 

XHdg : i^o(Var) Kq{\)5) 

and the Hodge number polynomial extends to a ring homomorphism 

CHdg : Ko(Var) 'L[u,v,u~'^ ,v'^^] 

Remark 4 By Deligne's theory |Del71j . |Del74j there is a mixed Hodge 
structure on the real vector spaces H^[X). For our purposes, since we are 
working with real coefficients, a mixed Hodge structure is just a real Hodge 
structure, i.e. a direct sum of real Hodge structures of various weights, and 
so the Hodge character and Hodge number polynomial are defined for any 
real mixed Hodge structure. However, ordinary cohomology does not be- 
have well with respect to the scissor relation; we need compactly supported 



4 



cohomology H^{X;'K). But these also carry a Hodge structure and we have 
the fohowing exphcit expression for the above characters. 



Example 5 

1) Let f7 be a smooth, but not necessarily compact complex algebraic man- 
ifold. Such a manifold has a good compactification X, i.e. X is a compact 
complex algebraic manifold and D = X — U is a normal crossing divisor, 
say D = Di U ■ ■ ■ Dj^j with Dj smooth and irreducible. We introduce 

Di = Di^nD,^n---nD,^, i = {h,. . . ,irn}; 

ai : Di^ X 

and we set 

D{0) =X; 

D{m) =U\i\=mDl, m = l,...,N; 

Om = U\I\=m ■ -^M ^ X. 

Then each connected component of D{m) is a complex submanifold of X of 
codimension m. Note that 

[[/]= J^(-l)™[D(m)]GKo(Var). 

m 

XHdg(C/) = 5](-l)"xHdgP(m)); 

m 

eHdg(C/) = 5](-l)"^eHdg(I?(m)). 

m 

2) If X is compact the construction of cubical hyperresolutions (-'^/)0^/cA 
of X from |GNPPj leads to the expression 



Hence 



and we find: 



XHdgW = (-i)'"^'xHdg(^/); 

eudsiX) = Y (-l)'"~'eHdg(X/). 
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The scissor-relations imply that the inclusion-exclusion principle can be 
applied to a disjoint union X of locally closed subvarieties Xi, . . . , X^: 

m 

XHdg(^) = X]^Hdg(^i) 

i=l 

and a similar expression holds for the Hodge Euler polynomials. 

Example 6 Let T" = (C*)" be an n-dimensional algebraic torus. Then 

eY{Ag{T^) = uv ~ 1 so e}idg{T^) = {uv — 1)". Consider an n-dimensional 
toric variety X. It is a disjoint union of r"-orbits. Suppose that X has 
orbits of dimension k. Then 

n n 

eHdg(^) = Skendg{T^) = Sk{uv - if. 

k=0 k=0 

If X has a pure Hodge structure (e.g. if X is compact and has only quotient 
singularities) then this formula determines the Hodge numbers of X. 



3 Nearby and vanishing cohomology 

In this section we consider a relative stituation. We let X be a complex 
manifold, A C C the unit disk and / : X ^ A a holomorphic map which 
is smooth over the punctured disk A*. We say that / is a one-parameter 
degeneration. Let us assume that E = [J^^J Ei = /~^(0) is a divisor with 
strict normal crossings on X. We have the specialization diagram 



vVoo > < — 



OO 

f 



A 



E 



{0} 



where f) is the complex upper half plane, e{z) := exp(27riz) and where 



Xao :=X Xa* ^■ 



We let Bi denote the multiplicity of / along Ei and choose a positive integer 
multiple e of all e^. We let / : X — > A denote the normalization of the 

pull-back of X under the map /ig : A ^ A given by r i— >■ = t. It fits into 
a commutative diagram describing the e-th root of /: 



X 



X 



A. 
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We put 

A = p-\Ei) , = fl D,-, D{m) = W Dj. 

i£j \J\=m 

Then Dj — s- Ej is a cyclic cover of degree gcd(ej \ j £ J). The maps 
Dj — > do not depend on the choice of the integer e and so in particular 
this is true for the varieties Dj . See e.g. |Ste77j or |B05j for a detailed 
study of the geometry of this situation. The special fibre Xq = /~^(0) is 
now a complex variety equipped with the action of the cyclic group of order 
e. Let us introduce the associated Grothendieck-group: 

Definition 7 We let KQ(Var) denote the Grothendieck group of complex 
algebraic varieties with an action of a finite order automorphism modulo the 
subgroup generated by expressions [P(^)] — [P*^ x X] where F is a vector 
bundle of rank re + 1 over X with action which is linear over the action on 
X. See [RnBl Sect. 2.2] for details. 

As a motivation, we should remark that in the ordinary Grothendieck group 
the relation [P(F)] = [P" x X] follows from the fact that any algebraic 
vector bundle is trivial over a Zariski-open subset and the fact that the 
scissor-relations hold. The above relation extend to the case where one has 
a group action. 

Definition 8 Suppose that the fibres of / are projective varieties. Following 
|Bfl5| Ch. 2] we define the motivic nearby fibre of / by 

i^f := ^(-l)™-i[L»(rei) X P™-1] G K[;(Var) 

m>l 

and the motivic vanishing fibre by 

cPf := i,^ - \E\ e Ki;(Var) (7) 

Remark 9 If we let be the open subset of Ei consisting of points which 
are exactly on the Ej with j G /, Z)j the corresponding subset of Di and 
= LJ|7'|=i-^?- We have Dj = Ujd/-^j ^"^^ the scissor relations imply 

that 

i>\ i>\ j>i ^ ^ 

j>i i=i ^ ^ 
= ^(-iri[DO(i)x(c*ri]. 

This expression for the motivic nearby fibre has been used in 
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The motivic nearby fibre turns out to be a relative bimeromorphic in- 
variant: 

Lemma 10 Suppose that g : Y ^ X is a bimeromorphic proper map which 
is an isomorphism over X — E. Assume that {f°g)~'^{0) is a divisor with 
strict normal crossings. Then 

Proof: In |Bn5j . the proof rehes on the theory of motivic integration |DLj . 
We give a different proof, based on the weak factorization theorem lAKMWj . 
This theorem reduces the problem to the following situation: g is the blowing- 
up of X in a connected submanifold Z C E, with the following property. 
Let ^ C / be those indices i for which Z <Z Ei. Then Z intersects the divisor 
Uj^A transversely, hence Z n Uj^A ^ divisor with normal crossings 
in Z. 

We fix the following notation. We let L := [A^] and := [P""] = 
^™qL*. For J C / we let j = |J|. So, using the product structure in 
Ko(Var), we have 

Let E' = (Jig/' E'i be the zero fibre of fg. We have I = I' U {*} where E'^ 
is the exceptional divisor of g and E'- is the proper transform in Y of E^. 
Form p' : D' ^ E' , the associated ramified cyclic covering. For J C / we let 
J' = J U {*}. Note that E^ has multiplicity equal to X^jg^ Cj. Without loss 
of generality we may assume that e is also a multiple of this integer. We 
have two kinds of j'-uple intersections Djr. those which only contain Dj, 
j ^ * and those which contain D^. So, 

We are going to calculate the difference between ipfg and ■0/- Let B C 
I — A. Let c = codim(Z, X). Then for all K G A we have that codim(Z n 
Ekub, Ekub) = c — k, and D'j^^j^ is the blowing up of Dkub with centre 
Z n EfcuB = Z n Eb =: Zb and exceptional divisor D'j^^j^,. Hence if we let 
Wb = p'~ (Zb) we have 

[D'kub] = [Drub] + [D'^ub'] " [Wb] = [Dkub] + mm-k^i - 1). 
Hence 

V'/g -i^f = ^^cb[Wb] 
B 

for suitable coefficients cb- 
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Note that Z0 = Z and that D'^ = W0 x Pc-i and so if i3 = we get 

C0 = {-^f~H{Pc-k-l - l)Pk-l - Pc-k-lPk) 

= + {-^)\L^Pc-k-i + n-i) = ^'c-i (-1)' = 0- 

0^i^cA KcA 
In case B ^ we get 

Let us now pass to the nearby fibre in the Hodge theoretic sense. In 
|Schmj and |Ste76j a mixed Hodge structure on H^{Xoo) was constructed; 
its weight filtration is the monodromy weight filtration which we now ex- 
plain. The loop winding once counterclockwise around the origin gives a 
generator of 7r(A*,*) ,* G A*. Its action on the fibre X* over * is well de- 
fined up to homotopy and on H^{X^) ~ H^^Xq^) it defines the monodromy 
automorphism T. Let N = log T„ be the logarithm of the unipotent part 
in the Jordan decomposition of T. Then W is the unique increasing filtra- 
tion on H^{X^) such that N{Wj) C W j-2 and : Gr^^- ^ Gi^-j is an 
isomorphism for all j > 0. In fact, from |Schml Lemma 6.4] we deduce: 

Lemma 11 There is a Lefschetz-type decomposition 

k e 

Gr^i/^(Xoo) = 00A^'^PA.+£, 
e=o r=0 

where Pk+t is pure of weight k + i. The endomorphism N has dimP^+^-i 
Jordan blocs of size m. 

The Hodge filtration is constructed in jSchmj as a limit of the Hodge fil- 
trations on nearby smooth fibres in a certain sense, and in |Ste76) using 
the relative logarithmic de Rham complex. With Xt a smooth fibre of / it 
follows that 

dim F"i/^X^t) = dimF™i7'=(Xoo) 

and hence 

CHdg {Xoo ) 1 1,= 1 = CHdg (-^t ) 1 1.= 1 ■ (8) 

We next remark that the nearby cycle sheaf i* Rk^k*M.x can be used to put 
a Hodge structure on the cohomology groups H^{Xao), while the hyper- 
cohomology of the vanishing cycle sheaf (j)f = Cone[i*Mx — > V'/I^x] (it is 
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a complex of sheaves of real vector spaces on E) likewise admits a Hodge 
structure. In fact, the spectral sequence of |Ste761 Cor. 4.20] shows that 



and then the definition shows that 

XHdg(-^oo) - XUdgiE) = XHdg{4'f)- 

In fact this formula motivates the nomenclature "motivic nearby fibre" and 
"motivic vanishing cycle". 

As a concluding remark, the semisimple part Tg of the monodromy is an 
automorphism of the mixed Hodge structure on H^{Xao). 

We can use these remarks to deduce information about the Hodge num- 
bers on H^{Xoo) from information about the geometry of the central fibre 
as we shall illustrate now. 

Example 12 

1) Let F, Li, . . . , Ld € C[Xq, Xi,X2] be homogeneous forms with deg F = d 
and deg Lj = 1 for i = 1, . . . , d, such that F ■ Li ■ • • = defines a reduced 
divisor with normal crossings on P^(C). We consider the space 

d 

X = {{[xo,xi,X2\,t) G p2 X A I Y]_Li{xo, xi, X2) + tF {xo,xi,X2) = 0} 

i=l 

where A is a small disk around G C. Then X is smooth and the map/ : 
X ^ A given by the projection to the second factor has as its zero fibre the 
union Ei U ■ ■ ■ U oi the lines Ei with equationLj = 0. These lines are in 
general position and have multiplicity one. We obtain 

so 

eHdg(V'/) = (l- + 

and substituting v = 1 in this formula we get the formula g = {'^2^) for the 
genus of a smooth plane curve of degree d. The monodromy on H^(Xoo) 
has g Jordan blocks of size 2, so is "maximally unipotent". 

2) If we consider a similar example, but replace by P^ and curves by 
surfaces, lines by planes, then the space X will not be smooth but has 
ordinary double points at the points of the zero fibre where two of the 
planes meet the surface F = 0. There are ^(2) of such points, d on each line 
of intersection. If we blow these up, we obtain a family f : X ^ A whose 
zero fibre D = EL) F is the union of components Ei, i = 1, . . . ,d which are 
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copies of blown up in d{d — 1) points, and components Fj,j = 1, . . . , d (2) 
which are copies of x P^ . Thus 



eHdg(^(l)) = d{l + {d^-d+ l)uv + u\^) + d(^ (1 + 



uv)'^. 



The double point locus D{2) consists of the (2) lines of intersections of the 
Ei together with the — 1) exceptional lines in the Ei. So 

1, 
2' 



emg{D{2)) = d{d - l){d + -)(! + uv) 



Finally -D(3) consists of the (3) intersection points of the E^ together with 
one point on each component Fj, so 

eHdg(i^(3)) = (3) + d(^^ = ^did - l)(2d - 1) 

We get 

eHdg(V'/) = (^(^"^ 3 ^) + 1) (1 + u\^) + ^d{2d^ -6d + 7)uv 
in accordance with the Hodge numbers for a smooth degree d surface: 
/.^.o = = ('^ 3 ^) , h'^' = ^di2d^ -6d + 7) 

The monodromy on i?^(Xoo) has ^ ^ ^ Jordan blocs of size 3 and ^d^ — 
d'^ + -^d + 1 blocks of size 1. 

3) Consider a similar smoothing of the union of two transverse quadrics in 
P3. The generic fibre is a smooth K3-surface and after blowing up the 16 
double points of the total space we obtain the following special fibre: 

1. E{1) has two components which are blowings up of P^ x P^ in 16 
points, and 16 components isomorphic to P^ x P^; hence eHdg(-S(l)) = 
18(1 + uv)'^ + 32uv. 

2. E{2) consists of the 32 exceptional lines together with the strict trans- 
form of the intersection of the two quadrics, which is an elliptic curve; 
hence eHdg(-E'(2)) = 33(1 + uv) — u — v; 

3. £'(3) consists of 16 points: one point on each exceptional P^ x P^, so 
eHdg(^(3)) = 16. 

We get 

eHdg(-^oo) = i + u + V + 18uv + u^v + uv^ + u^v^ 

Putting V = lwe get 2 + 20^ + 2u'^, in agreement with the Hodge numbers 
(1, 20, 1) on the of a K3-surface. The monodromy has two Jordan blocs 
of size 2 and 18 blocs of size 1. 
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4 Equivariant Hodge number polynomials 



We have seen that the mixed Hodge structure on the cohomology of the 
nearby fibre of a one-parameter degeneration comes with an automorphism 
of finite order. This leads us to consider the category f)5^ of pairs {H, 7) 
consisting of a real Hodge structure (i.e. direct sum of pure real Hodge 
structures of possibly different weights) H and an automorphism 7 of finite 
order of this Hodge structure. 

We are going to consider a kind of tensor product of two such objects, 
which we call convolution (see |SchSj . where this operation was defined for 
mixed Hodge structures and called join). We will explain this by settling 
an equivalence of categories between f)S^ and a category ff)s of so-called 
fractional Hodge structures, (called Hodge structures with fractional weights 
in it is however not the weights which are fractional, but the indices of 
the Hodge filtration! 

Definition 13 (See L ). A fractional Hodge structure of weight is a real 
vector space H of finite dimension, equipped with a decomposition 

a+b=k 

where a, & G Q, such that H^'"" = H*^'^. A fractional Hodge structure is de- 
fined as a direct sum of pure fractional Hodge structures of possibly different 
weights. 

Lemma 14 We have an equivalence of categories G : f)S^ ff)5. 

Proof: Let {H, 7) be an object of f)S^ pure of weight k. We define Ha = 
Ker(7 — exp(27ria); He) for < a < 1 and for < a < 1 put 

jjp+a,k+l—a _ jjp,k—p ^p,k—p _ jjp,k—p 

This transforms {H, 7) into a direct sum H =: G{H, 7) of fractional Hodge 
structures of weights k and k + 1 respectively. Conversely, for a fractional 
Hodge structure H of weight k one has a unique automorphism 7 of finite 
order which is multiplication by exp(27ri6) on H^^^-^, 

Note that this equivalence of categories does not preserve tensor products! 
Hence it makes sense to make 

Definition 15 The convolution {H',j') * (if", 7") of two objects in f)5^ is 
the object corresponding to the tensor product of their images in f[)s: 

G ((//', 7') * (i^",7")) = G{H',-f')(S>G{H\Y). 
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Note that the Hodge number polynomial map Phn extends to a ring homo- 
morphism 

We denote its composition with the functor G by the same symbol. Hence 

transforms convolutions into products. We equally have an equivariant 
Hodge-Grothendieck character 

xLg ■■ ^O^Var) ^ K[;i\^B) 

and an equivariant Hodge-Euler characteristic 

4dg ■■ ^o^Var) ^ R. 

Let / : X — > C be a projective morphism where X is smooth, of relative 
dimension n, with a single isolated critical point x such that f{x) = 0. Con- 
struct "0/ by replacing the zero fibre Xq by a divisor with normal crossings 
as above. Then the Milnor fibre of -F of / at x has the homotopy type of 
a wedge of spheres of dimension n. Its cohomology is also equipped with a 
mixed Hodge structure. Recalling definitional of the motivic vanishing fibre, 
it can be shown that 

Write P^^{H^{F)) = X^aeQ «,gz "^('^' ''^)^°^"'~"- literature several 

numerical invariants have been attached to the singularity / : {X, x) 
(C,0). These are all related to the numbers m{a,w) as follows: 

1. The characteristic pairs |Ste77l Sect. 5]. 

Chp(/, x) = m{a, w) ■ {n — a, w). 

2. The spectral pairs |N-Sj : 

Spp(/, x)= m{a,w) ■ {a,w) + m{a,w)-{a,w + l). 

3. The singularity spectrum in Saito's sense jSaj : 

Sps.{f,x) = Pt{H-{F)){t,l). 

4. The singularity spectrum in Varchenko's sense |Var j : 

SMf,x)=t-'Pt{H''{F)){t,l). 
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Note that the object (j)f depends only on the germ of / at the critical 
point X. Let us as a final remark rephrase the original Thom-Sebastiani 
theorem (i.e. for the case of isolated singularities): 

Theorem 16 Consider holomorphic germs f : (C^^^jO) (C,0) and g : 
(C^+^O) (C,0) with isolated singularity. Then the germ f ® g : (C"'+^ x 
C™+^(0,0)) C with (/ e g){x,y) := f{x) + g{y) has also an isolated 
singularity, and 

XHdg('^/®s) = -XHdg(<^/) * XHdg('^9) 

so 

eHdg('^/®9) = -eHdg('^/) ■ eHdg('/'9) ^ R- 

Remark 17 This theorem has been largely generalized, for functions with 
arbitrary singularities, and even on the level of motives. Denef and Loeser 
|DLj defined a convolution product for Chow motives, and Looijenga jL] 
defined one on M.^ = (Var)[L~^], both with the property that the Hodge 
Euler polynomial commutes with convolution and that the Thom-Sebastiani 
property holds already on the level of varieties/motives. 
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